
Mathematialproofs

First: logic!

A logical s t a t emen t : a sentence t h a t

i s

1 ) d e c l a r a t i v e ( i . e . n o t a question)

2 ) e i t h e r t r u e o r false, bu t

n o t b o t h .



Example-li (statements a n d not . . . )

( ) "
I a m t h e c h o s e n o n e .

"

2 ) l '
A Z e b r a c a n n o t c h a n g e i t s spots."

3 ) u
when t h e president d o e s i t , t h a t

m e a n s i t 's no t illegal."

4 ) "Every t w o c h i l d d id ."



→ ( ) T h i s i s a s t a t emen t , b u t v e r y

h a r d t o prove, depending o n h o w

y o u d e f i n e "chosen".

2 ) Dec la ra t ive s e n t e n c e t h a t i s

v a c u o u s l y t r u e . I t i s

a statement t h a t doesn't apply

t o anything!

→ 3 ) T h i s i s a statement that i s

seemingly f a l s e . . .

4 ) Non s e n s e . N o t a statement

since i t cannot e v e n b e

logically parsed a s given.



Un i ve r sa l l y a n d Existentially Quantified

S t a t e m e n t s

A "universally quantified" statement

i s a s t a t e m e n t t h a t applies fo r a l l

o b j e c t s i n a c e r t a i n c l a s s . for example,

" A l l b ab i e s h a v e blue eyes."

A n "existentially quantified" s t a t em e n t

i s a s t a t emen t t h a t a s s e r t s t h e r e i s

a n ob j ec t w i t h c e r t a i n properties. Fo r

example, " T h e r e i s a baby w i t h

b r o w n eyes!'



Negating Quantified Statements

Negation i n l o g i c : applying the word

" n o t " t o a statement.

T h e negat ion o f a un ive rsa l l y quantified

s t a t e m e n t i s a n existent ial ly quantified

s t a t e m e n t . S im i l a r l y, t h e negation

o f a n existent ia l ly quantified statement

i s a un i ve r sa l l y quantified statement.



Exampled: (negations)

1 ) Negate " A l l b a b i e s have b l ue eyes":

"No t a l l b a b i e s h a v e b l u e eyes"

s a m e a s

"There i s a baby t h a t doesn't have blue
eyes!

2 ) Negate "There i s a c a r parked i n m y
driveway"!

" T h e r e i s n o t a c a r parked i n my
driveway"

s am e a s

" fo r a l l c a r s , they a r e n o t i n m y
driveway?



Mathemat ica l Proofs

Un ive rsa l u s . Existential

T o prove something
universally quant i f ied,

you need
t o prove f o r a l l given objects.

T h i s u s u a l l y i n v o l v e s variables) abst ract ion .

T o prove something
existent ia l ly quantified,

y o u j us t n e e d t o s h o w o n e example.

T h i s usua l l y i n v o l v e s concrete , explicit

n um b e r s .



Example-3: Prove t h a t e v e r y v e c t o r i n

1122
i s a

l i n e a r comb i na t i on

o f [ I ] and [L ] .

S o l u t i o n : T h i s w a n t s u s t o s h o w a l l

v e c t o r s i n
1122

a r e linear

combinations o f [ I ] and

[ L ] . T h i s i s a universal

quantifier, s o u s e abstraction.

A generic vector i n
1122

loons l ine [ I ]
w i t h X , y r e a l numbers .



W e w a n t t o s h o w : there a r e

cons tan ts C i , C z w i t h

c . f,']tca[!)-(j)
(heat'. matrix-vector multiplication!
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W e g e t so l u t i on s

[
"

, § ' {(x-2g)i.

O l ' t (xty) ]
So c , = } ( x-2g ) ,

Cz- I t t y )

a n d the re a r e a l wa y s solutions!

So e v e r y vector i n 1122 i s a

l i nea r combination o f [ I ] and

[ I ] .



Exampletti Show t h a t n o t e v e r y v e c t o r

i n 1R3 i s a l inear combination

o f [ I], f}], and [¥).

So lu t ion : Negating a un ive rsa l quantifier =

ex i s ten t i a l quantifier.

F ind m e oze v e c t o r t h a t

i s n o t a l i n e a r combination

o f t h e s e three!

For example, t r y [§]
No t yet a proof



W e w a n t t o s h o w t h e re d o n o t

e x i s t c o n s t a n t s C i , Ca, a n d Cz

w i t h

c . (1) t Caf}]t↳(§f[§)
following the s ame steps a s i n the

previous example,
w e c a n go f rom

t h i s t o t h e augmented ma t r i x

4 I 4
I 2

4 2
'

f ' '

5 ; I)I 3

put i n A R E F



w e g e t

G C 2 ( 3 so l u t i o n s

[
' o 2 :O
O l I i O000¥

Last r o w says n o s o l u t i o n , s o

[§] i s n o t a linear

combination
o f

I I I . I I I . and [¥1.



Conditionalstal-ements

T h e s e a r e s t a t e m e n t s o f t h e f o rm :

" I f i t i s r a i n i n g , t h e n I c a r r y m y

u m b r e l l a
"

.

" I f - t h e n " s t a t eme n t s a r e

ca l led conditional s t a t e m e n t s .



Example 5 : cons ider t h e fol lowing conditional
-

s t a t e m e n t s :

" I f I i s a v e c t o r i n
1123,

then

s p a n (Ex t ) i s a line."

"

I f t h e e a r t h i s f l a t , t h e n

I w i l l e a t m y l u n c h
o u t s i d e

today!'



T h e f i rst statement i s technically

false s i n c e I could b e the z e r o v e c t o r .

T h e s e c o n d s ta temen t i s a n o t h e r

e x a m p l e o f a v a c u o u s l y t r u e

s t a temen t ' . s i n c e t h e e a r t h i s

n o t f l a t , t h e cond i t i on w i l l

n e v e r b e m e t , s o w e c a n

conc lude any th i ng f r o m i t !



Negating a C o n d i t i o n a l

Negate " I f i t i s raining t h e n I bring

m y
umbrella' '.

I t i s " I t i s r a i n i n g and I didn't

b r ing m y u m b r e l l a .''

n o t a conditional statement!

I n general, t h e negat ion o f a

conditional statement i s n o t a

cond i t i ona l statement.



T h e Mos t Impor tant

R u l e i n P ro o f s :

Don't a s s u m e w h a t you're

t ry ing t o prove!


